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ASTMO003 Angular Momentum and Accretion
Processes in Astrophysics

May 2005 Examination Paper Model Answers

Viscosity can produce angular momentum transport. Other mechanisms include:
the combined effects of magnetic fields and winds; wave transport.
[Lectures| [3 marks, 1 mark each]
The mean free path is L =1/no = 1/(3 x 102! x 1072°) m = 0.03 m
[Unseen] [1 mark]
The kinematic viscosity is v ~ Lc,, where ¢, is the sound speed.
For a temperature T' =5 x 10* K and gas composed of hydrogen (u = 1 if ionised),

83 x 5 x 10°
e = % mst ~ VA2 x 107 ms~!

~ V4x108 ms ! ~ 2x10*ms™!
(note the conversion to moles involves a factor of 1000). The kinematic viscosity is

v>~0.03x2x10"m?s7! ~ 600 m?s~ . [Lectures| [3 marks]
The evolutionary timescale is

RZ- 1012 2
Toy ~ —5C ~ (107) s ~ 1x10*s [3 marks]
v 3 x 600

Dwarf novae have outburst timescales ~ days. This is much smaller than the evo-
lutionary timescale if atomic/molecular interactions alone are responsible for the
viscosity. [Application of principles from lectures] [2 marks]
The ‘alpha’ model of viscosity represents the kinematic viscosity as v = acsH where
« is a parameter and H is the half thickness of the accretion disc. This accounts for
the viscosity being larger than that contributed by atomic scale processes, particu-
larly the effects of turbulence. [Lectures] [3 marks]

Consider a cylindrical element of gas in the accretion disc of veritcal length dz and
cross-sectional area A. The pressure force on the element in the z-direction is —A dP
where dP is the difference in pressure P across the element.

The gravitational force on the element is GMdm/r* where dm is the mass of the
element and 7 is the distance to the star, with r? = R? 4 22.

The component of the gravitational force in the z direction is

GM z GM

r? r r2

M
(pAdz)E = — G—gpAzdz,
r r

where p is the density of the gas at the point. For equilibrium,

GM
—AdP — r—gpAzdz =0,



which gives the differential equation

1dP GM
_— = - — 2
p dz (R2 + 22)3/2 77
the required result. [Lectures| [7 marks]
GM
For Keplerian rotation, Q*(R) = TR For a thin disc, R? + 2? ~ R%. So the

differential equation becomes,

1dP GM
- = - = 0%
p dz m :
For an ideal gas, P = RpT /u. Since the gas is isothermal, T = constant throughout.
Therefore,
dP  RT dp
dz  p dz
The differential equation becomes,

1 RT d
_R__p = —0O?%,
p podz

Integrating over z at a particular R from a the central plane to a height z,

T p(z) do z
RT / —[f = —Q? / Zd
H o P 0
where pg is the central density in the disc. This gives
RT (2 0222 ) O2pz?
— Inl—) = — z) = exp | —
7 P 9 P Po €Xp ORT

This is of the form p(z) = py exp (— 2%2/2H?), where H = \/RT/u? is a constant
at a particular radius R. [Lectures| [7 marks]
The surface mass density is ¥ = [ p(z) dz. Therefore,

& 22 & 22 z
DI /_Oopoexp(—ﬁ>dz = po\/Q_H/_OOeXp(— 2H2>d<\/§H)

= PoﬁH/ e de = povor H

using the standard integral. [Lectures| [4 marks]
T
Cs = R—andH: E ,',H:%.
\ \/ 12 Q
So, cs = QH. [Lectures| [2 marks]



A3 (a)

B1 (a)

A dust particle of mass mg, at a distance z from the central plane of the disc
GMmyg,
2
-
star, r is the distance from the star, and G is the gravitational constant. If R is the

radial distance in the plane of the disc, 7> = R? + 22. The component of the force

experiences a gravitational force F' = , where M is the mass of the central

GMmg, z
in the direction perpendicular to the disc is 729T — downwards. The equation of
r r
motion is
dv 9 GMmyg, z 9 9
Mgr 7 = TAPCV — — 5= — = ma“pcsv — Qo zmyg,

on substituting Q@ = \/GM/R3 for Keplerian rotation.
The density of the material of the grain is pg, = my,/ %7?(13 for a spherical grain. So

T~ TR
dt 3T Pgr@ 4dpgra

the required result. [Lectures]| [8 marks]
If the dust grain has reached terminal velocity, dv/d¢ = 0. If this happens quickly,
z ~ H still. So the equation in part (a) becomes,
3pcs dap, V2 H
~ pc V¢ — QZH . Vy X apg—
4pgra 3p Cs

[Lectures, 2 marks|
For a protoplanetary disc we have the standard result ¢, ~ H), and p ~ ¥ /2H .

dapg OV H _ 8Bapy QH
Sy

vy o~ [Lectures, 3 marks|

3%

H
The Settling time Ts will be Tsg = U—t ~ W .

The constribution to the gravitational potential at a point (z,y,0) in the rotating
frame due to the inverse square law is

G'me Gmy
q)grafu(xa y) = - 5 3 - 5 5
V(@ —2)? +y V(e —21)? +y
The centrifugal effects can be represented as a centrifugal potential ®..,; in addition
to the ®,,4, contribution, with ® = @4, + Preps.
The centrifugal acceleration is Q%r, where r is the distance from the origin (about
which the frame is rotating). So r = /22 + y2. This implies —V®.,; = Q?r. This

requires Peens(2,y) = —3 1?2 = =3 0% (2 + 37
The total potential in the rotating frame is therefore
Gm2 Gml 1
Oz, y) = — - — 5@+,

Vi —x3)? 4+ ¢ Ve —z)2+y2 2



the required result. [Lectures| [7 marks]
The appearance of the potential in the (x,y) plane is:

L, Lagrangian ﬂk X
point

[Lectures, with some additional interpretation for unequal masses| [3 marks]
(b) On the z-axis (i.e. y = z = 0) we have
Gmy  Gmg 1x2927
|z — 29| |z — xq] 2

(I)(I7y) - =

Between the two stars we have |z — xo| = x — 25 and |x; — 2| = 27 — 2.

O(x) = — Gmy - _Gmi leQQ.
T — T T, — T 2
Differentiating with respect to =z,
d_q) _ Gm2 _ Gm1 _ {L‘Q2 .
dz (x — x9)? (1 —x)?
At the stationary point (i.e. the Lj point), d®/dz = 0. So at this point,
GmQ _ Gm1 . ZL‘QQ -0 .
G- (o —a)

But for orbital motion we have Q? = G(m; + my)/D?, where D is the distance
between the stars.

Mo B my _ my +my 0
(x — x9)? (x1 — x)? D3

Put © = x4 4 r, for this point.

meo _ mq —(_I,' +T)m1+m2 — 0
(xg 4+ rp — x9)? (x1 — a9 —1)? 2L D3 ’
But zy — x9 = |x1] + |z2] = D, the separation between the stars, and z, =
—mlD/(ml + m2>.
msa my mp my =+ Mo
e e ) T2y
T% (D - TL)Q ( my + moy + TL) D3 ’

4



which on rearranging gives,

- %D?’r% + DY D —rp)? — (% + 1) r3(D—r)? + Z—;Dr%(D —r)? =0,
the required result. [Seen in example problem] [10 marks]
No simple analytic expression can be found for r in terms of my, mo and D.
[Unseen] [2 marks|
No account is taken for the Coriolis force in this potential, The Coriolis force depends
on the velocity of the gas in the rotating frame, which cannot be represented in this
potential. [Unseen| [3 marks]
Roche lobe overflow can occur if:
e one star expands to fill its Roche lobe, due to stellar evolution;
e the orbital separation D decreases due to the loss of angular momentum, for
example caused by stellar winds, by tidal effects, or by gravitational radiation.
[Lectures| [3 marks]
In detached binary systems, neither component fills its Roche lobe.
In semi-detached binary systems, one component fills its Roche lobe, the other does
not.
In contact binary systems, both components fill their Roche lobes and exist within
a common envelope.
[Lectures| [3 marks]
Consider mass transfer from a lobe-filling star of mass m, into a ring of radius R,
about a star of mass mo. Let the distance between the L; point and component ms
be ry.
The angular velocity of material at the L.; point about mgy is 2. Therefore the
specific angular momentum of gas at L relative to msy is j = r2€). The gas that
crosses the L; point goes into a circular orbit of radius R,;,y. Its specifc angular
momentum in this orbit is j = /GmaR,;n, . From the principle of conservation of
angular momentum,

7“4 QZ

\/ GmQRring = T%Q Rring = ém .
2

G(my + my) R (m1 +ma) 1
D we Hring my D3

[Lectures| [7 marks]

But O =

When the masses are equal,

4 1 4
RTing = 2 ﬁ = 2 D3 = g .

[Lectures| [3 marks]
If the lobe-filling star is a main sequence star, the other star must be compact (a
white dwarf, neutron star or black hole) for an accretion disc to be formed. Other-

wise the accretion flow would reach the surface of the star directly. [Lectures]
[2 marks]

A cataclysmic variable normally consists of a low mass main sequence star and a
white dwarf. [Lectures]| [2 marks]



(h) Compact
companion

L; point

Spiral waves
excited in disc
by companion
star

Accretion disc Gas stream Lobe-filling
star [Lectures| [5 marks]

B2 (a) The gravitational potential energy of a mass m of material at a radial distance R
from a neutron star of mass M is —GMm/R. Therefore the energy released when
material of mass m is brought from infinity to a radius R is GMm/R.

energy released  GM 6.7 x 107" x 2 x10%* 015
me? ~ RE  10ix (3x 1082

So the gravitational potential energy is 10-20% of the E = mc? rest mass energy.
This is larger [by more than an order of magnitude| than the energy available from
even the complete fusion of H to Fe. [Lectures] [4 marks]
(b) The Eddington limit is imposed by the radiation pressure on the accreting material.
If the accretion rate occurs at the Eddington limit, the rate of energy release creates
a sufficient radiation flux that the radiation pressure inhibits further accretion.
[Lectures| [4 marks]
(c) Consider material at a radial distance r from the central object. The radiation
pressure P,.q will produce an outwards force that acts against gravity. When the
radiation pressure force is equal to the gravitational force,

GM 1 dP,, dP,, GM
Tz d _ d — P [Lectures| [4 marks]
r? p dr dr 72

The luminosity of the central object is L = 47r?F, where F is the radiative flux
(defined as the enegry per unit time per unit surface area).

But F:—@T?’Q L:_@ﬁjﬁg )
3kp  dr 3Kkp dr
aT? dP,.q a d 4a . dT
But P = —( e = - — T4 :—TS—
" ¢ 3 dr 3 dr ( ) 3 dr
4 dP., o dT
So L = — 1¢y2 d on substituting for 7T°—— .
Kp dr dr

[Lectures| [6 marks]
But the luminosity resulting from a mass accretion rate m on to a compact object
of mass M and radius R, is
~ GMnm
=z

L




LJJUb vuli UDJ L‘-t 1ilcul I\DJ

R, Kp dr
dP,, M M 4 M 4
Substituting for 4 = —G p’ G M - < r? —G Py - T GM
dr r? R. Kp r2 K
. 4mcR,
m =
K
.. . . . . ) 4mcR, i
This is the Eddington limited accretion rate mggq. S0, mggq = , the required
result. [Lectures| [5 marks]
10GM 40mGM
If R.=5Rs=-—5—, Mgwa = T : [Lectures| [3 marks]
c CK

k=0.04m?kg ! and M = 10% M, .
40mGM 40 x 3 x 6.7 x 1071 x 108 Mo s

MEqd — x~ o)

CK 3 x 108 x 0.04
~ Tx108 Mgs™! ~ Tx1078x32x10" Mgyr ™ ~ 2 Myyr!

[Application of principles discussed in lectures| [4 marks]
m~2 Myyrt, M =10 My, R~ 10" m. 2
10 4
Ty ~ 1.2 % 107 (2)7 (10°) (1—07) ~ 3x10°K

[Principles discussed in lectures] [4 marks]

This corresponds to soft X-rays. The radiation from the inner regions of AGNs
includes a strong hard X-ray component, indicative of higher temperatures than
predicted here. [Lectures| [2 marks]
This discrepancy can be explained by a hot corona of low density around the main
disc. The corona is so hot that it emits the hard X-rays that are observed.

[Lectures| [2 marks]
The temperatures of accretion discs around stellar mass black holes are actually
higher than predicted here for the AGNs. They emit hard X-rays.

[Lectures| [2 marks]
The rate of accretion is determined by the rate of gas supply and by the viscosity
of the disc. [Viscosity discussed in lectures, gas supply unseen| [2 marks]
Sketch of spectrum:

ISI

. £ disc
13
Ly =V \ Inner
regions
[exponential
Rayleigh- cut-off]
Jeans regime
[L, < v2]

log v

[Lectures] [4 marks]



B3 (a) Neglecting the pressure contribution,

dUZ‘ . laO'ij

ov; Ov; 2
where o0 = 1 (3;] + &Zj — §V.V6¢j) .
J i

Consider the dot product v-dv/d¢ to calculate the kinetic energy. The dot product
is

dUi d ( 1 2) 1 802j
Vi = —|3Y; = —;

dt dt \2 p Oz,
on substituting for dv;/dt. [Lectures| [4 marks]
The kinetic energy per unit volume is Ey = % PU; V. S0,

dEV dU,‘ . .
5 - g (for p independent of time)
v 80ij 0 (1} ) 8%‘
al’j 8xj / J 8xj
using the product rule. [Lectures] [4 marks]

The 0(v;0:;)/0z; term expresses the rate of kinetic energy transfer. The o;; 0v;/0z;
term is the rate of energy dissipation due to viscosity per unit volume.

[Lectures| [4 marks]
This energy dissipation term is

al}i 1 ( (9Ui i avz>
Uij —_— = — Uz‘j - Uz’j —_—
an 2 81']‘ @l’j
1 i ;
= 3 (oij g—; + 0ji g—;i) from the symmetry of o;;
1 ov; ov; ov;  Ov; 2
- - o et} f = L N v
5 (aw oz, + 0 8951-) rom oy; n (83@ + Bz, 3V V(S,j)
— %Uij (gvl + g%)
X €X;
1 ov;  Ovj 2 ov; ov;
- by ’ - —V. (51 ’ J b . f i
277(8xj+8x2- 3 v ]> <8xj+8xi) on subs. for oy;
. 1 87% al)j an an . .
= 37 (&cj + (%i) (3@ + 8:61-) using V.v =0

1 (%i 4 (%j 1 (%i i an
on substituting for n = pr from the definition of the kinematic viscosity v.
[Lectures] [10 marks]

Il

N}
©
=

81)1‘ 9 h 1 01}1» 4 (%j
O — = €5 €4 where €ii = =< .
J ij P I J 2 8xj 8361



So the rate of energy dissipation per unit volume is € = 2pne;;e;; .
[Lectures| [3 marks]
(b) The dissipation per unit area can calculated by integrating perpendicular to the
accretion disc.

€p = /2pyeij€ijdz.

Substituting for e;; e;; = R? (dQ/dR)?,

R? /dO\? d0\? d0\?
D / PY =5 (dR) dz = v R (dR> /pdz v (dR)

the required result. [Lectures| [5 marks]
dQ Q )’
(c) In a Keplerian disc, - g = ep = R*vY (— g }—%) = §Q2y2 .
[

[Lectures| [4 marks]

(d) Substituting v¥ = 1- into the expression for ep,

1
R.\?
)

1
VR

™m
3T

GM
R3

[Lectures| [3 marks]

The energy emitted per unit time per unit area of disc is 20Te4ff on assuming all the
dissipated energy is radiated as electromagnetic radiation (the factor 2 accounts for
the two sides of the disc). So, ep = 20T, [Lectures| [4 marks]

3G Min R\ ?
4 _ =
Lyt = Srore (1 (R) ) '
seMin (- (RAF\ ]
Smo R3 R '

[Lectures| [3 marks]

IRT 3
(d) H = cg/Q = RT \/ C]T‘%_M on substituing for ¢, and €. [Lectures| [1 mark]
seMin (- (RN |
8noR3 R

on using 7, from part (d) for 7. Using the approximation R,/R ~ 0 for R > R,,

oo [ 3RUR%m e
8w G3 M3 ot

Teyr =

RR3 RR3
H — VT —
GMp GMp

[Unseen] [2 marks|



Putting in numerical values,

3x 83T x (1.5 x 1071)% x 6 x 10
H ~ m
87 x (6.7 x 10711)3 x (2 x 1030)3 x 5.7 x 108 x (0.001)4

00|

~ [2x 1076]é m ~ 3x10°m [Unseen] [2 marks|

The aspect ratio at a distance R = 1 AU = 1.5 x 10*! m is therefore

H 3 x 10°
R~ Tpx1on ~ 002

[Accept any answer in range 0.001 — 0.1] [Unseen] [1 mark]
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